PROJECTIVE NORMALITY OF COMPLETE SYMMETRIC 

VARIETIES 

ROCCO CHIRIVI AND ANDREA MAFFEI 

Abstract. We prove that in characteristic zero the multiplication of sections 
of dominant line bundles on a complete symmetric variety X = G/H is a 
surjcctive map. As a consequence the cone defined by a complete linear system 
over X, or over a closed G stable subvariety of X is normal. This gives an 
affirmative answer to a question raised by Faltings in A crucial point of 
the proof is a combinatorial property of root systems. 



Introduction 

Let G be an adjoint semisimple group over an algebraically closed field of char- 
acteristic zero. Given an involutorial automorphism a : G —* G, denote by H the 
subgroup of fixed points of a. A wonderful compactification X of the symmetric 
variety G/H has been constructed by De Concini and Procesi || in characteristic 
zero and by De Concini and Springer Q in positive characteristic. They describe 
the Picard group of X as a subgroup of Pic(G/P), where P is a suitable parabolic 
subgroup related to the action of a and G/P is the unique closed orbit of A". In 
particular we say that a line bundle C is dominant if T(G/P, C\q ,p) ^ 0. The main 
result of our paper can be stated as 

Theorem A. If C and £' are dominant line bundles on X , then the multiplication 
T{X, C) (8) T(X, £') -> T(X, C ® C) is surjective. 

The projective normality of X follows with a standard argument. Hence we 
give an affirmative answer to a problem raised by Faltings in 0. Our result has 
already been proved in g in the special case of the compactification of a group, i.e. 
a : G xG — > G xG, cr{gi,g2) = (52,31), by a complete different method which does 
not generalize to this situation. We stress that it is necessary to assume that the 
line bundles £ and C! are dominant as the example after the proof of Theorem A in 
Section [| shows. Moreover, as De Concini explained to us, in positive characteristic 
the multiplication map need not to be surjective as follows by Bruns ||| section 4 
(see also f§). 

Now we briefly describe the lines of the proof of Theorem A. We divide the G 
modules appearing in T(X, C ® £') in three classes and we use different strategies 
for each class to show that the G modules appear in the image of the multiplication. 
The first class is that of the modules appearing in a product of line bundles that, 
with respect to the dominant order, are less than C or C . These are easily covered 
by induction on the dominant order on line bundles. The second class is formed by 
the modules that do not vanish when restricted to some G stable subvariety Y of 
X. Notice that Y is a fibration over a partial flag variety with fiber isomorphic to 
a complete symmetric variety F with dim F < dim X and we can suppose that the 
multiplication map is surjective for F, using induction on dimension. In Proposition 



2.9 we show that from the surjectivity of the multiplication map on the fiber we 
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can deduce that the multiplication for Y is surjective. So also this kind of modules 
appear in the image. We parametrize the remaining modules, forming the third 
class, introducing the notion of low triple. Thank to the result of Section || in 
which we study such triples, we can prove the surjectivity of the multiplication 
map for this class by a direct argument. 

Our classification of low triples is purely combinatorial and make sense for any 
root system Suppose we have chosen a base A and let A + be the corresponding 
cone of dominant weights for <£>. If (A, /i, v) is a triple of such weights we say that 
it is a low triple if the following conditions hold. First we require that if A' , // are 
dominant weights such that A' < A, p! < \x and v < A' + // then A' = A and // = /x. 
The second condition is that v + J2aeA a — ^ + M- Then, if w is the longest 
element of the Weyl group of 4>, the result in Section ^ is 

Theorem B. The triple (A, fi, v) of dominant weights is a low triple if and only if 
A and fj, are minuscule weights, fi — —wq\ and v = 0. 

Our proof of this theorem is somewhat unsatisfactory. Although we succeeded in 
developing a bit of general treatment, reducing in a significant way the computations 
involved, in some steps we still have to use a case by case analysis. 

We would like to thank Corrado De Concini for useful conversations. We would 
like also to thank Paolo Papi for bringing to our attention the work of Stembridge 
fll|| and Jan Draisma and Arjeh Cohen for helping us coding a LiE program to 
check Theorem B for exceptional Weyl groups in an early stage of development of 
this paper. 

1. Recalls on complete symmetric varieties 

In this section we collect some preliminary results for the sequel setting up 
notation and reviewing the construction of the wonderful compactification oiG/H 
(for details see |5| and ||). 

Let g be an adjoint semisimplc Lie algebra over an algebraically closed field k 
of characteristic zero, and let a be an involutorial automorphism of g. Denote by 
f) the subalgebra of fixed points of a in g. If t is a a stable toral subalgebra of g, 
we can decompose t as to © ti with to the (+1) eigenspace of a and ti the (—1) 
eigenspace. Recall that any a stable toral subalgebra of g is contained in a maximal 
one which is itself a stable. We fix such a a stable maximal toral subalgebra t for 
which dim ti is maximal and denote this dimension by I. 

Let $ C t* be the root system of g and let g = i © QS $ g a be the root space 
decomposition with respect to the action of t. Observe that a acts also on t* and 
that it preserves <E> and the Killing form (•, •) on t and t*. Let $o = { a S $ I c(a) = 
a} and <&i = $ \ $0- The choice of a a stable toral subalgebra for which dimti is 
maximal is equivalent to the condition cr| fla = id\ Ba for all a € $o- Moreover we 
can choose the set of positive roots $ + in such a way that a(a) G for all roots 
a g $+n$i. Let A be the basis defined by $+ and put A = An$ , A t = An$i. 

Denote by A C t* the set of integral weights of $ and observe that a preserves 
A. Let A + be the set of dominant weights with respect to <I> + and let uj a be the 
fundamental weight dual to the simple coroot a v for a 6 A. For A G A + let also 
V\ be the irreducible representation of g of highest weight A. 

We say that A G A + is spherical if there exists h G Va x {0} fixed by t) (i.e. 
f) • h = 0): in this case the vector h is also unique up to scalar and we denote it by 
h\. We denote the set of spherical weights by f2 + and we denote by f2 the lattice 
generated by the spherical weights. 
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For a root a define a = a — a (a) and let $ = {5 | a G $1}. This is a (not 
necessarily reduced) root system of rank I with basis A = {S|q;GAi}. As proved 
in H using a result of Helgason, SI n A + = S1+ and SI can be identified with the 
lattice of integral weights of the root system ($,S7 %% M). Given a weight A we 
define the SI support to be the set supp f2 (A) = {a G A | (A, 5) ^ 0}. We introduce 
also the lattice R generated by <i> and the cone R + = J2aeA Net. 

Now we come to the construction of complete symmetric varieties following De 
Concini and Procesi ||. Let G be an algebraic group over k whose Lie algebra is 
isomorphic to q. The action of a on g lifts to an automorphism, still denoted by 
a, of G. Let H be the normalizer in G of the Lie algebra [) C J. As explained in 
H H is the maximal subgroup having f) as Lie algebra. If G is an adjoint group, 
H coincides with the fixed point set of a in G. Hence G/H is a symmetric variety. 
However, since G/H does not depend on the choice of the group G over g we will 
prefer to choose G simply connected. We introduce also the torus T (resp. To and 
Ti) whose Lie algebra is t (resp. to and ti), and the parabolic subgroup P of G 
associated to Ao (in general to a subset / C Awe associate the parabolic subgroup 
whose Lie algebra is given by tffi © q£ $ jU $+ Qa, where $/ is the root subsystem of 
$ generated by I). 

In our study it will turn useful to consider also the degenerate case G = {e} or 
more generally a = id. In this case, of course, G/H is just a single point. 

Let now Ai,...,A m be spherical weights with disjoint SI supports such that 
suppq(Ai) U • • ■ U supp n (A m ) = A and consider the point 

x = ([h Xl ], [h x J) e P(V Xl ) x • • • x P(V A J. 

We define the variety X = X(a) as Gx^ C P(V\i) X • • • X P(V\ m ). Notice that 
Xq is the unique point fixed by H in X and that the map g i — ► gxQ induces an 
embedding G/H <^-> X which is called the "minimal compactification" of G/H. 
Moreover the construction is independent on the choice of the weights Ai, . . . , A m . 

We need also another description of the compactification. Let A be a spherical 
weight with supp^(A) = A and consider a finite dimensional g representation of 
the form V = V\ ffi V . Take h — (h\, hy) G V to be a vector fixed by I) such that 
all Ti weights of hy are of the form /i = A — r\ with r\ G R + and /i =/= A. Then, as 
proved in [E[ §4, the map G/H 3 gH i — > g[h] G ¥(V) extends to an isomorphism 
X — ► G[h}. 

The following Proposition describes the structure of the compactification. 

Proposition 1.1 (Theorem 3.1 in 0)). Let X — X(a) be the compactification of 
G/H described above then: 

i) X is a smooth projective G variety; 

ii) X\G-xq is a divisor with normal crossing and smooth irreducible components 
Si,.-., St; 

Hi) the G orbits of X correspond to the subsets of the indexes 1,2, ... ,1 so that 
the orbit closures are the intersections S^ l~l Si 2 (1 ■ ■ ■ f] Si k , with 1 < i\ < 12 < 
• • • < i k -i <ik < i; 

iv) the unique closed orbit Y = n| =1 5j is isomorphic to the partial flag variety 
G/P. 

We go on constructing some line bundles on the variety X. Let A G A + be such 
that P(Vx) contains a line r fixed by H. One can show (see || and ||) that the 
map G/H 3 gH i— > g ■ r G P(V\) extends uniquely to a projection 



?Aa : X -» P(Vx). 
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We define C\ as the line bundle tp^O(l). If we restrict C\ on G/P ~ Y ^> X we 
have the usual line bundle G xp k-A corresponding to A in the identification of 
V\c(G/P) with a sublattice of the weight lattice A. Moreover we have 

Proposition 1.2 (Proposition 8.1 in ||). The map Pic(X) — > Pic(F) induced by 
the inclusion is injective. 

So we can identify Pic(JT) with a sublattice of the weight lattice. Further the 
line bundles constructed above account for all line bundles since we have 

Proposition 1.3 (Lemma 4.6 in ||). Pic(X) corresponds to the lattice generated 
by the dominant weights A such that F(V\) H is non void. 

Notice that by construction every line bundle has a natural G linearization. 

Following the literature we introduce now a particular behavior of a simple root. 
The action of the involution a on the set of roots admits the following description. 
There exists an involutive bijection a : Ai — > Ai such that for every a G Ai we 
have 

a(a) — —a(a) — f3 a 

where (3 a is a non negative linear combination of roots in Ao. We say that a G Ai is 
an exceptional root if via) ^ a and (a, (7(a)) ^ 0. Notice that W(a) is exceptional 
if a is. Moreover the compactification X is said to be exceptional if there exist 
exceptional roots. 

Proposition 1.4 (Theorem 4.8 in 0). Pic(X) is generated by the spherical weights 
and the fundamental weights corresponding to the exceptional roots. 

Now we describe the sections of a line bundle £ as a G-module. The first useful 
remark is that any irreducible G module appears in T(X, C) with multiplicity at 
most one (see Lemma 8.2 in ||). 

We analyze now the case of the divisors Si. Let a.\, . . . , ai be the elements of A. 
Then, up to reindexing the G stable divisors, we have 

Proposition 1.5 (Corollary 8.2 in ||). There exists a unique up to scalar G in- 
variant section Si G T(X, Cat) whose divisor is Si. 

For an element v — G R + the multiplication by s v = ILs™ 1 gives a 

linear map 

T{X,C X - V ) ^T(X,jC x ). 

If /i G Pic(X) is dominant then by construction of we certainly have a submod- 
ule of T(X, Cfj.) isomorphic to V* obtained by the pull back of the homogeneous 
coordinates of P(V^) to X. Since, as already recalled, the multiplicity of any irre- 
ducible submodule is at most one, we can speak of the submodule V* of T(X, C^) 

without ambiguity. If now A G Pic(X) is any element such that A — fi G R + we 
can consider the image of V* under the multiplication by s A ~ M from F(X, £ M ) to 
T(X, C\). We call this image s x ~~^V*. We have the following Theorem: 

Proposition 1.6 (Theorem 5.10 in Let A G Picpf) then 

t(x,c x )= s x -»v;. 

MG(A-fl+)nA+ 

Moreover for all v = X)i=i n i^i G R + the set of sections vanishing on Si with mul- 
tiplicity at least rij for i = 1, . ..,£ is the image s u T(X 1 C\— v ) of the multiplication 
by s v in T(X,£\)- 
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2. The stable subvarieties 

In this section we study the closures of G orbits of X , that we call stable subva- 
rieties. Following De Concini and Procesi |^], we review the structure of a stable 
subvariety, recalling, in particular, that such a variety is a fibration over a partial 
flag variety with fiber isomorphic to a complete symmetric variety. We use such 



result to prove Proposition 2.9 lifting the surjectivity of the multiplication map 
from the fiber to a stable subvariety. This will be used in one inductive step for the 
proof of Theorem A in next section. 

We need to introduce some notation related with some special subgroups of G. 
If I is a subset of A containing Ao and such that (r(JnAi) C ID Ai, let <E>/ C $ be 
the root subsystem of $ generated by / and define Gj C G as the semisimple group 
associated to (the subgroup whose Lie algebra is generated by Q a for a G 
Also let Pi = P P\ Gi be the parabolic subgroup of Gi associated to Ao and let 
Tj = T n Gi be a maximal torus of Gi. We call qi (resp. tj) the Lie algebra of 
Gi (resp. Tj). Observe that a($i) C 3>j as guaranteed by the assumption on /, 
hence Gi is stable under the action of a and so we can define aj : Gj — > Gi as the 
restriction of a. We denote by f)/ the intersection f) n Qi and by Hi the normalizcr 
of [)/ in Gj. Observe also that cr| fla = id| fla for all a G <l>Aon/. hence dim(t/)i is 
maximal. 

We denote by Aj the lattice of integral weights of <&/ and by A^ C A/ the set of 
dominant weights with respect to /. Given two subsets /, J of A such that I C J 
we have a natural projection rj : Aj — ► A/ induced by the inclusion ti '— ► ij, and 
a canonical immersion tj : A/ «— > Aj mapping a fundamental weight with respect 
to to the corresponding fundamental weight with respect to $j. If we consider 
the case J = A we see that Aj is identified with the set of characters of Tj , hence 
also Gi is simply connected. As recalled in the previous section, Hj is the largest 
subgroup having \)j as Lie algebra, then it is easy to see that Hj C i?. 

Now let I be a subset of A and set / = {a G Ai | a G X} U A , notice that 
such / satisfies the condition a(I n Ai) C / D Ai above. Choose a one-parameter 
subgroup 71 : k* — ► Tj such that 

(71, a) = if a e A \ I and (71, 5) < if 5 6 Z, 

where the pairing is given by the identification of a one parameter subgroup of T 
with an element of t. We can now define the stable subvariety Xj corresponding to 
T C A as the closure Gxx of the orbit of the point xx = lim t >o li(t)xo. 

Proposition 2.1 (Theorem 3.1 and Corollary 8.2 in ||). We have 
i) A{5.j = Si for all cti G A; 

ii) XjuJ — Aj H Xj and in particular X^ = Y is the unique closed G-orbit in 
X; 

Hi) Xx is a projective smooth variety of dimension dim A — \X\. 

In De Concini, Procesi || §5 the geometric structure of Xj is described. For the 
convenience of the reader we review below their results. 

Fix 1,1 as above and define J = A \ I and J = (A \ /) U Ao. Let also 
Rj = X^sej-f^c* an d let Rj be the lattice generated by Rj. If A G A^ we denote 
by W\ the irreducible representation of Gj of highest weight A. 

Let A G A be a spherical weight and consider a vector h\ spanning the unique 
line in V\ fixed by H. By || §2 we know that h\ = V\ + X) A ,eA-(i?,+ \{o}) w f w ^ eie 
v\ is an highest weight vector and are eigenvectors of T of weight /j,. We define 

h X= v \+ (*) 

M£A-(fi+\{0}) 
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Notice that, as a point of X C P(Vai) X • • • X P(V\ m ) constructed in the previous 
section, we have 

x I =([hl 1 ],...,[hlJ) 

as one can easily see. 

Lemma 2.2. If X is a spherical weight then [hfj is fixed by Hj. Further hf = v\ 
if and only i/supp sl (A) C X. 

Proof. Notice that Hj C H certainly fixes [h\]. Observe also that 71 commutes 
with qj. Indeed if a G $,/ and e a G Q then 

[71, e a ] = (71, a)e a = 0. 

Hence 71 commutes with Gj and in particular with Hj. The claim follows. 

Suppose that h\ = v\. Let S — A \ supp^(A) and S = {a G Ai | a G 5} U A . 
Since k/i^ is stable under f)j, we have f)j C stab g kv x — tffi © ae $ sU $+ 9a- Now 
the inclusion supp sl (A) C X follows since, by the particular choice of $ + , we have 
f)./ = tj © © Qe$0 0q © © Qett > jn *+ k ( e <* + cr(e Q )). 

Now suppose that supp (A) C X. Observe that if /x is a weight such that there 
exists a G / with (ui a , A — /i) ^0 then /1 ^ A + Rj. Hence by formula (0) it is 
enough to show that for any weight /i ^ A with (Va) m ^ there exists a G A such 
that (A, a v ) ^ and (w Q , A - /x) > 0. 

We consider first the case /1 = wX ^ X with u; in the Weyl group of Let 
L(/i) be the minimum of the length of w such that /i = wX. If L(/i) = 1 then 
A 4 = s q(A) 7^ A for some a and a satisfies our requests. 

If L(/i) > 1 we proceed by induction: let /x = s a [i' where a is such that L(fi') = 
L(/x) — 1. In particular A — /1 = A — // + ma with m > 0. Then if /3 G A is such 
that (/3 V , A) ^ and (u>p, X — > we have also (up, X — fx) > 0. 

Now in the general case we have that /x is in convex hull of {wX \ w in the Weyl 
group of <!>} and the claim follows. □ 



In order to describe Xj we consider a realization of X as G([h\], C P(V\) x 
P(V r M ) where A and /x are two spherical weights such that suppq(A) = X and 
supp (/i) — J (recall that J = A \ X). Let 7r : X — > P(V\) be the projec- 



tion onto the first factor. By the previous Lemma 2.2 we have 7r(xj) = [v\], hence 
ir(Xz) — Gv x — G/Q where Q is the parabolic subgroup of G associated to J. We 
denote by Xj — > G/Q the restriction of ir to Xj and by Fj the fiber of ttj 
over [v\]. 

Proposition 2.3 (see || §5). The fiber Fj is the closure Gj[h?]. Moreover it is 
isomorphic to X(aj), the complete symmetric variety associated to (Gj,o~j). 

Proof. Consider the map ttj: Xj — > G/Q. Since nj is G equivariant and G/Q is 
homogeneous, irj is a smooth map and in particular the fiber Fj is also smooth. 
Observe that Fj is closed under the action of Q, hence Xx' — lim t _>o lz'%x S 
FjnGxiforalir D X. Since X x = {J x , DX Gx x >, we find Fj = \J x ,^ x {Fjf\Gx xl ) = 
Gx x fl Fj. Hence Fj = Qx x and Fj is irreducible. It is now easy to check that 
diraGj/Hj = dimX — \X\ — dim G/Q = dim Fj. So Gjx x is dense in Fj proving 
the first claim. 

To prove the second claim we use the second construction of the compactification 
X(aj) given in the previous section above Proposition |l.l| . Indeed observe that if 
v G [i — (Rj — {0}) then r(v) (the restriction of the weight v to tj) is strictly less 
then r(/x). Hence by (Q) the vector h^ can be written in the form fty(u) ~^ ^'w 
where h' r ,^ is the only t)j invariant vector of the Gj module and all tj 

weights appearing in h' w , have weight strictly less than r(/i). □ 
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We apply this Proposition to the computation of Pic(Xj). As observed in the 
proof of the Proposition 2.3, the stability of Fj under the action of Q implies 
that x^ £ Fj. Observe now that the action of Gj on Yj = Gjx-x induces an 
identification of Gj / Pj with Yj sending Pj to x^ , in particular Yj is the unique 
closed orbit of Fj. We identify Y with Gx^ and we observe that the inclusion of 
Yj in Y induces the natural inclusion of Gj/Pj in G/P sending Pj = P n Gj to 
P. We denote by j the inclusion of the closed orbit Y ~ G/P in Xj and with 
j j the inclusion of the closed orbit Yj ~ Gj/Pj in Fj. We have the following 
commutative diagram (whose notation will be in force throughout the rest of this 
paper) 



0- 



Pic(G/Q) 



■ Pic(Aj) '-^ Pic(F 7 ) 

Vic{Gj/Pj) 



Pic(G/P) 



If 



A 



where: 
i) * = 
ii) 



AsJ ' 



A\A 
JxA 



A 



o 



A 



o 



and the third row is exact by construction. 



%f is the inclusion of Fj in Xj. As in De Concini Procesi [|| there ex- 
ists a one parameter subgroup of G with only isolated fixed points, hence 
H 2 (Xx,Z) — Pic(Ai) and odd cohomology vanishes. So by the spectral se- 
quence HP(G/Q,R q 'Ki*'Lx 7 ;) => ff p+9 (Ai,Z Xl ) given by the fibration, we 



have that the first row is exact and T(G/Q, R 2 ttj , 
G/Q is simply connected. 



At 



H 2 (Fj,Z) since 



iii) jj is injective by Proposition 1.2 



iv) j* F is the pull back of the natural inclusion Gj/Pj ^ G/P that is compliant, 
as observed above, with the one induced by the inclusion Yj C Y. Hence the 
square between the first and the second line is clearly commutative. 

v) The isomorphisms mapping to the third row are the canonical identifications 
with the weight lattices. 

vi) The square on the left is commutative since j o nx is the canonical projection 
induced by P C Q and the pull back of the line bundle G Xq Ik- a gives the 
line bundle G Xp|_j. 

vii) The square from the second and the third row is commutative since the line 
bundle G x P k-A restricted to Gj/Pj gives the line bundle Gj x Pj k-A| t • 

So f is an injective map: if we identify Pic(G/Q) ~ Aa\j and Yic(X) with a 
sublattice of Aa\a as m Section [l| then Pic(Ax) is identified with the sublattice 
Pic(A) + Pic(G/Q) of A MAo . 

Moreover observe that the inclusion %x '■ X% — ► X induces an injective map 
i* x : Pic(A) — ► Pic(Aj) and that, by the characterization of Proposition 1.4, the 
map i* F o i* x is surjective. In particular we see that every line bundle on Xj has a 
natural G linearization. 

Proposition 2.4. Let C\ 6 Pic(Ai). Then as a G-module we have 

r(Ax,£ A )= s x -»v;. 

Me(A-.R+)nA+ 

Proof. Although, for I ^ 0, this result it is not explicitly claimed in ||, the proof 
of Theorem 8.3 there applies to this case without changes. □ 
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We analyze now the relation between the sections si of the complete symmetric 
variety X and the sections sj,i of the complete symmetric variety Fj. 

Lemma 2.5. Up to rescaling the sections sj t i by a non zero constant factor we 
have Si\fj = sjj for all 5j G J. 

Proof. Observe that Si\F, and sj t i are Gj invariant sections of the line bundle 
Moreover Si\Fj ^ by Proposition 1.5 and the thesis follows. □ 

Looking at the decomposition in modules of the spaces of sections T(Xz,C\) 
and T(Fj, £ r (\)) we see that they are indexed by the same weights. This suggests 
that one can prove the surjectivity of the multiplication map for sections on Xj 
using that on Fj. In order to make a rigorous proof out of this idea we analyze the 
lowest weight vectors as De Concini suggested us. Next lemmas prepare the work 
for this proof. 

In the remaining of this section we will also make use of the following notation. 
Set U~ to be the unipotent subgroup of G whose Lie algebra is © Qe $- Q a and set 
Uj = U~ Pi Gj; moreover if A G A + let V\ = kv x © V x be a T stable decomposition 
of V\ with v x an highest weight vector. 

Lemma 2.6. If X G then the restriction map 

3* F : T(G/P,Cx) — T(Gj/Pj,Cr W ) 

induces an isomorphism between T(G/ P, C x ) u and T(Gj / Pj, C r r x \) ■> . 

Proof. Observe first that the map is Gj-equivariant, hence f F (T(G/P, C x ) u ) C 
T(Gj/Pj, C r ^x)) Uj ■ Since they are both one dimensional vector spaces it is enough 
to prove that f F {T(G/P, £ x ) u ~) ± {0}. 

The line bundle C\ on G/P can be constructed in the following way. Consider 
the irreducible representation V\ of highest weight A and its highest weight vector 
v\. The stabilizer of [v\] G F(V\) contains P, hence we can construct a map 
ip: G/P — > ¥{V X ) and C x = ip*0{l). In particular T{G/P,C\) = V* can be 
realized as the pull back through the map if> of the space V£ of coordinate functions 
on P(Vx). 

Let ip G V£ be such that ip{v\) = 1 and ip = on V{, then tp is a lowest weight 

vector in V£, hence T{G/P,£\) U ~ = k<p. Observe that ^(j(Pj)) = i/>(P) = v x , 
hence v x G ^(j F (Gj/Pj)) and j F (<p) ^0. □ 

In the Lemma below we make use of the following straightforward consequence 
of the definition: the elements r(5) with a G J form a basis of the restricted root 
system of (Gj, a,j). 

Lemma 2.7. For all A G Pic(Aj) the restriction map 

i F :T(X x ,£ x )^T(Fj,C rW ) 
induces an isomorphism between T[Xx, C x ) u and T{Fj , C r / X )) ■ 

Proof. Observe first that the map i* F is Gj equivariant, hence i F (T(Xz, C x ) u ) G 
T(Fj,C r{X) ) u J. 

Suppose now that A is dominant and consider V£ G T(Xz, C X ) and W r i X ) G 
T(Fj, C r r X \). Take ip G V x * a lowest weight vector and observe that if i F {<p) ^ 
then it is a vector in T(Fj,j£ r ( X -)) of weight — r(A), hence it spans {W*( X )) Uj < - 

T(Fj, C r ( X )) U J . So it is enough to prove that <p\gj/Pj 0- Notice that, by the 
description of the sections of C x on Xj (Proposition 1.6), we have <p\g/p hence 
by the previous Lemma [2.6| we have <p\gj/Pj 0- in particular <p\fj 0. 
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Consider now the general case: let M = (A — Rt) H A + and N = (r(A) — 
^ 5e jrNr(S)) n A j and observe that there is a bijection between the two sets 
given by M 3 /i i — > r(/z) G N and by N 3 r(A) — E ngr(5) i — > A — n^a G M. 
Notice that Y(X X , C\) = ®^ EM s A -^*, hence 



H.Y/.£ A > r = ks x 



a lowest weight vector in W*, > C r(Fj, C r {n)) and, by Lemma 2.5, «|r(s A M </v) 



where ip^ &V* C T(Xx, C^) is a lowest weight vector. Hence VV(/i) = 1 *f(<Ph) 7^ is 

Km) 



Sj A ^tjjr(p) up to a non zero scalar factor. Finally 

iUnxx,Cx) u ~) = ks^^ = 0bf»->„=r(^/: r(A) ^. 

as claimed. □ 

If [ is a Lie algebra we denote by U([) its universal enveloping algebra and if I 
is a subalgebra of m then we consider U(l) as a subalgebra of U(rri). We introduce 
also the Lie algebra uj = cte$jn $+ Qa- 

Lemma 2.8. Let V,V be two finite dimensional representations of G and W,W 
be two finite dimensional representations ofGj. Let 4>: V — > W (resp. <f>' : V — > 
W' ) be a Gj equivariant map such that 4>\ v u- (resp. 4>'\ v ,u- ) is an isomorphism 

between V u ~ and W U J (resp. V' U ~ and W' UJ ). Then 

<t>®4>'({V ®V') U ~) = {W® W') U J . 

Proof. Since the map is Gj equivariant we certainly have that the left term is 
contained in the right one. Notice also that it is enough to study the case in which 
V,V',W and W are irreducible. 

Choose ip and tp' to be two lowest weight vectors of V and V respectively. 
Observe that, since Gj is linearly reductive we can consider W and W as the Gj 
submodules generated by ip and ip' and the maps 4> and </>' are just the projections 
along the Gj invariant complements of W and W in V and V . So we need to 
show that (W <g> W') U J C(V® V') u ~ . 

Let x G (W <g> W') u j and observe that it can be written as x = E m e m v <g> e' m v' 
where e m ,e' m 6 U(uj). To check x G (V (g> V') u we verify rj_ Q • x — for all 
a G A. If f a G g_ Q , we have 

i) if a G J then g_ Q C flj hence / Q x = since x G (W ® W') u j ; 

ii) if a ^ J then / Q commutes with e m and e^, hence f a y = J2 m e mfaV <g> e' m v' + 

Em ® e^/ Q u' = 0. 



□ 



We come now to the main result of this section. 
Proposition 2.9. Let A,/i G Pic(ACi). If the multiplication map 
T(Fj,£ r (x)) <S> T(Fj,C r ( Jl )) — > C r (\ +M )) 
is surjective then also the multiplication map 

r(x x , c x ) ® r(x x , £„) — » r(x x , c x+M ) 

is surjective. 
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Proof. Consider the following commutative diagram where horizontal maps are 
given by multiplication and vertical maps by restriction: 



T{X x ,Cx)®T{X x ,C, 



r(Fj,£ rW )®r(Fj,jC rW ) 



■ r(Xr, Cx+fj,) 



r(F/,£ r ( A+A1 )). 



If we look at U and U j invariants we obtain: 



{p{x Ii Cx)®t{x Ii c^)) 1 



' r(Xr, Cx+fj,) 1 



(T(Fj, £ r(A) ) ® T(Fj, £ r{p) )) UJ T(Fj, C r 



where, by Lemma 2.7, the vertical map on the right is an isomorphism, by Lemma 



2.7 and Lemma 2.8, the vertical map on the left is surjective and, by the assumption 
on the multiplication on Fj and the fact that Gj is a linearly reductive group, the 
horizontal map on the bottom is surjective. 

Hence also the horizontal map on the top has to be surjective. Further, since 
T(Xx, Cx+fi) 11 generates P(Xj,£x+^) as a G-module we deduce that the multi- 
plication map on X% is surjective too. □ 



3. Projective normality 

In this section we prove the surjectivity of the multiplication map for dominant 
line bundles, i.e. for line bundles £ A with A G Pic + (A) = Pic(X) n A+. The 



main ingredients will be Proposition 2.E that allow us to set up an induction on the 
dimension of the symmetric variety, and Theorem B (proved in Section ^) . 

We denote by W the Weyl group of <& and by wo the longest element of W. Given 
two weights A,/i £ Pic(X), we call m A , M the multiplication map from T(X,Cx) <8> 
T(X,C^) to T(X, Cx+fj,)- The following lemma deals with a very special case of 
Theorem A. 

Lemma 3.1. Given a weight A G Pic + (X) set fx = —wq\. Then /! S Pic + (X) and 
s X+V.y* c I mmA (l( . 



Proof. Observe first that we can identify V£ with V^. By Proposition 1.3 there 
exists hx G Vx \ {0} such that [hx] G F(V\) H . Hence there exists a one dimensional 
-ff-submodule x of Vx- Being H reductive we have that x* is a submodule of V M . So 
there exists /i M £ V^\{0} such that [h^] G P(V^) ff and (ft- A , = 1. By Proposition 



1.3 , we deduce that fi G Pic(X). Clearly /i G A + , hence fi G Pic + (X). 

Now complete the vectors G V£ and hx G V* to dual bases , v±, . . . , v n and 
h\,Wi, . . . ,w n . Consider the following element of V A * (g) V*: 



F = h lfl <g) hx + y2 v i ® w i- 



If we identify V x * (g> V* with End(V\), the element F corresponds to the identity 
map, in particular it is a G-invariant vector. Hence / — m AjM (F) G L(AT, £ A+/J ) is 
G-invariant. We claim that / ^ proving the lemma. Indeed consider the injection 
ip : X ¥{Vx) x P(V M ) defined by ip{x) = (V>aO), ^(x)) (see Section [l] for the 
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definition of V'AjVv) an d notice that ([h\], [h^]) G Imip. We have 

n 

f([h x ], [hp]) = K([h x ])h x ([hp}) +^v i ([hx])vH{[h„]) = 1 

i=l 

since we have chosen dual bases. □ 



Recall that a complete symmetric variety X = X(o~) is said to be simple if g has 
no a stable proper ideal. It is known (see for example Table VI cap. X in ||) that 
a simple complete symmetric variety corresponds to an irreducible root system $ 
and either G is simple or X is the compactification of a simple group. Further any 
complete symmetric variety is the product of simple complete symmetric varieties. 

We need to make some preliminary remark on the various lattices and on the 
relations between the Weyl group W of $ and the Weyl group W of $. As claimed 
in Section the lattice O generated by spherical weights is identified with the set 
of integral weights of the reduced root system Further the set of spherical weight 
£1 + is equal to A + n £1 and corresponds to the dominant chamber defined by A. 
So the longest element wo of the Weyl group W and the longest clement wq of the 
Weyl group W act in the same way on fi. 

Before giving the proof of the surjectivity of mx.p we introduce some notation 
and make some remarks to treat the exceptional case. If X is an exceptional simple 
complete symmetric variety then <J> is of type BQ and there exist exactly two 
(simple) exceptional roots that we call a and [3. Also we denote by ai the unique 
simple root in A such that 2at G <E> and by toe. the fundamental weight dual to 
(2a e ) v (see part 2 in Section |). We have Pic(X) = Q © Zuj a and Pic + (A) = 
il + +Ncj q + N cjp. Moreover ui a + top = Zjg and — wo(uj a ) — uop (see ||). We remind 
also that if X is non exceptional then Pic(A) = and Pic + (X) = fl + . 

Finally we notice that, given two weights A,/x <S Pic(A), we have \i e (A — R + ) 
if and only if \l < A with respect to the dominant order of <& (see part 3 in Section 
H for the definitions in the exceptional case) . 

Now we come to the main result of this paper. 

Theorem A. Let A,/i be two weights in Pic + (AT). Then the multiplication map 



m X ,» : T(X, Cx) <E> T(X, £„) -> T(X, £ A+M ) 

is surjective. 

Proof. We prove first the case in which A,/i S tt + . We proceed by induction on 
dim A and on the dominant order on A and /i with respect to the reduced root 
system If dim AC = 0, i.e. AC is a point, then A = fi = and the claim is obvious. 
Also if X is not simple, say X = X\ x X^ with dim X\ , dim X^ > then the thesis 
follows by induction on the dimension using the description of the sections of the 



line bundles on X in Proposition 1.6. So we can assume that X is simple, hence 
that <I> is irreducible. 

We fix a notation. Given a weight r\ G Pic + (X) set A(rf) = A + l~l (77 — R + ). Notice 
that clearly T(X, C v ) — ®s n ~ v V* where the sum runs over v G A(r?). Our thesis is 
that s x+ ^~ u V* c ImmA lM for all v G A(A + //). We divide the set of v G A(A + \s) 
in three different classes. 

First class. This is the class of weights v G A(A + \i) such that the following 
condition is verified: there exists X',fjf G il + such that (X',fjf) ^ (A, fi), A' G A(A), 
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fi' £ A(/x) and v £ A(A' + fi'). Consider the following commutative diagram 



r(x, c x , ) x t(x, /v ) r(x, £ w ) 

£ A ) x T(X, £„) £ A+M ). 

Notice that my^i is surjective by induction on the dominant order on A and 
fi. Also, s x+ ^~ u V* is contained in the image of the right vertical map since 
s \' +ll '- V y* c Y(X,£ X '+»')- So s^-^V? is contained in Imm A , M . 

Second class. This class is formed by the weights v £ A(A + /i) such that 
\ + fi — v = X)i=i c i^i with an index i such that = 0. 

If we consider the restriction of sections to the stable subvariety X^ j we have 
the following commutative diagram: 



T{X,C x )xT{X,C^ 



r(AT{ 5i },£A) x r(X[ai })<£/*) — r(X{ 5i j, 

Notice that the bottom horizontal map is surjective by Proposition |2.9| and induc- 
tion on dimension since dmi(Fj) < dimX, where J = {a sA] | a ^ 5i}UA . Also 
notice that the left vertical map is surjective by Lemma |2.7| . Finally observe that 
s x+ ^~ v V* appears in the decomposition of r(X[5_}, £ A + M ) described in Proposition 
2.4 since Ci ~ 0. Hence s x+ ^~ u V* C Imm AjM since G is reductive and all modules 
appears with multiplicity at most one. 

Third class. This is the set of the remaining v £ A(A + fi): what is left is 
described by the triples of weights {\ 7 fi, v) of fl + such that i) A' £ A(A), // £ A(fi), 
v £ A(A' + fi') implies A' = A and fi' = fi and ii) A + fi — v = 5^ i=1 cipn with q > 1 
for alii = 1, . . .1. So (A, fi, v) is a low triple for the root system $. 

By Theorem B applied to the root system $ we have that v = and that 
fi = — wq A. So we can conclude using Lemma 3.1. 



This concludes the proof for A, fi £ il + and in particular the case of X non 
exceptional. So we are reduced to study the case of X exceptional and, using what 
already done, we can assume the theorem true for all A, fi £ We proceed again 
by induction on dimX and on the dominant order on Pic + (X) defined by <£>. As in 
the case of Q + we can assume that X is a simple exceptional complete symmetric 
variety. 

We consider first a particular case. Le t A = uj a an d fi = fi' + htv a for some 
h > and fi' £ fi + . By Proposition 1.6 and Lemma 4.S we have the following 
decompositions: 



T(X,Cu 



V* 

1 , , t 



T{X,£ fl ) = ®,eA<^- v V: 



T(X, C u 



A(»i 



'V. 



Denote by (p v a highest weight vector of the module V* . So to prove the surjectivity 



of m u 



in this situation, we observe that ip u 



J ip u is a non zero highest weight 



vector of weight ui a + fi hence a multiple of s A 

Now we proceed as in the case of fi + and we observe that the arguments given in 
the "first class" and in the "second class" above holds without any change and so 
we are reduced again to study the low triples of weights (A, fi, v) of Pic + (AT) with 
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respect to the dominant order denned by $. Hence, by Proposition we have 
that, up to symmetry, A = auo a and fi = bujp for some integers a > b > 1. 

We analyze first the particular case a = b = 1. In this case, by Proposition 
4.9, we have also v = 0. Hence we can apply Lemma 3.1 since = —woUJ a and 
conclude that s u 'Vq is contained in the image of m [AJa [Ajl} as claimed. 

Now we deduce the surjectivity in the remaining cases of A = acu a and b = bojp 
with a > b > 1 using the associativity of multiplication. We consider the following 
commutative diagram 



<g>(a-b) 



■■r(x,Cu. 



T(X,£» a )® {a - b) ® (T(X,C^)) m 



r(x, £ a „ a )®r(x,£ bu ,„) 



■r(x,£( a - 



where 

i) mi = id <8> m® u „ is surjective using what proved in the particular case a = 
b=l: 

ii) TO2 is the multiplication of the sections in T(X, £s f )® 6 that is surjective using 
what proved in the particular case of A, fx G 

iii) 77i 3 is the multiplication of sections in T(X, £ LUa )®( a ~ b * > and T(X, that is 
surjective using what proved in the case A = oj a and ji = f/ + hto a analyzed 
above. 

Hence also m au}a fiuj ri is surjective. □ 

We see an example showing the necessity to assume the line bundles to be dom- 
inant for the surjectivity of the multiplication map. Simply take a complete sym- 
metric variety with $ of type A2 and let A — cfi, /J, = a.2- Then Immj i(1 = S1S2VQ , 
whereas T(X, £\ + ^) = V~ i+ ~ 2 ® si S2 V^* . As another example with A = consider 
the case of the compactification of the group of type Q and let A = fi = —lu£-i+lj£. 
Then T(X, £\) — T(X, £ M ) = while T(X 7 C\ + ^) = s^Vq as one can easily see by 



Proposition 1.6 



Corollary 3.2. For all T C A and for all G Pic+(A"x) 
have that the multiplication map 

T(X X , £ A ) ® T(Xj, £ M ) -» r(X x , £ A+M ) 

is surjective. 



A+ n Pic(Xj) we 



Proof. This follows at once by Theorem A and Proposition 2.E. 

As a consequence (see for example Hartshorne Exercise II. 5. 14) we have 



□ 



Corollary 3.3. Let X be a subset of A and let C\ G Pic + (ATi) be a dominant 
line bundle. Consider the map Xx — > ¥(T(Xj, C\)*) defined by the line bundle C\. 
Then the cone over the image of Xx is normal. In particular this apply to X . 

4. Low TRIPLES 

In this section we introduce and study low triples for an irreducible root system. 
As seen in the previous section, these are the triples of dominant weights that 
furnish the base step for the inductive proof of the surjectivity of the multiplication 
map. In the first part we consider only reduced root systems, developing a bit of 
general theory as far as we are able to. Then we consider the case of a non reduced 
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root system that present no more real difficulty using what already done in the 
first part. Finally we give a little more general and technical result concerning low 
triples for an enlarged weight lattice for type BC; this is needed for exceptional 
complete symmetric varieties. 



4.1. Reduced root system. 

Let <& be an irreducible reduced root system with positive roots $ + , relative base 
A = {«!, . . . , ctg}, and let A be the set of integral weights for We denote by 
u>i, . . . ,oj£ the base of A dual to the coroots ct{ , . . . , aY and by A + the N cone of 
dominant weights. Let < be the usual dominant order on A, i.e. the order: /i < A if 
and only if A — fi S R + where R + C R is the N cone generated by the simple roots 
and R is the lattice generated by the simple roots. If wo is the longest element of 
the Weyl group of we say that two dominant weights A, /i are dual to each other 
if jU = — woA. As a notation, in the sequel we use the numbering of the simple roots 
in ||. 

We denote by [£] the set of indexes {1, . . . ,£}. Given a weight A = J2ie[e] a i w ii 
we define the support as the set supp(A) of indexes i such that a, ^ and supp + (A) 
as the set of indexes i such that m > 0. We define also the height of the weight A as 
ht(A) = Y^ieU] ai ' ^° be the maximal simply laced subsystem of [£] containing 1, 
and denote by ht^(A) either ^2 ieI a >0 dj if is not of type F4, or the maximum 
of J3ie{i 2} a 4 >o a i ana - Sie{3 4} a >o ai otherwise. Given an element of the root 
lattice /3 = X^ieM °i a ii we define supp $ (/3) as the set of indexes i such that bi ^ 0. 
Finally let £ = ol\ + 0.2 + ■ ■ ■ + ct£. 

Now we see the definition of the main object of this section 

Definition 4.1. Let A, /1, v be three dominant weights. We call (A, /i, v) a low triple 
if the following two conditions hold: 

i) if A',// are dominant weights such that A' < A, ji' < fi and v < A' + fi' then 
A' = A and \j! = fi, 

ii) v + Ya=i a l <\ + fi. 

Notice that low triples are of a very special kind. Indeed v must be "very close" 
to A + fi by i), whereas v must be "quite far" from A + /i by ii). The rest of this 
section is devoted to give precise meaning to this idea proving the following 

Theorem B. (A, /1, v) is a low triple if and only if X and /1 are minuscule weights 
dual to each other and v = 0. 

For / C [£], let <&/ denote the root subsystem generated by the simple root at 
for i £ I. If $/ is irreducible we denote by 9j the highest short root (we notice that 
in 1 11 the root 61 is called the local short dominant root relative to /), considering 
all roots short if $7 has just one root length. In particular 9 = 0^ is the highest 
short root of $. 

Given two weights A, \i € A + , we say that A covers [i if i) jj, < A and ii) /1 < 
77 < A, 77 G A + imply 77 = jj, or 77 = A. Of particular importance for the sequel 
is the following characterization of the covering relation for the dominant order < 
restricted to the set of dominant weights (see [0 for details). 

Proposition 4.2 (Theorem 2.6 in pl]|). If [i covers A in (A + , <) and I = supp $ (/Lt— 
A), then^i is irreducible and either fx— A = Ox, or = $ ~ G2 andfi—A = ai+a2- 

We explicitly write down the highest short root for each type of root system. 
This is an easy computation using the tables in 0J] . 
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type of <E> 



Be 
Q 
D f 
E 6 
E 7 
E 8 
F 4 
G 2 



highest short root 



ai + 
ai + 2{a 2 + • 
a 1 + 2{a 2 + ---^ 
ai + 2a 2 + 2a 3 



• ■ ■ + OLl = CJi 

• • + a^_i) + = w 2 

- c^_ 2 ) + a^_i + a* = ui 2 
+ 3«4 + 2a 5 + a 6 = w 2 



w 8 



2ai + 2a 2 + 3«3 + 4a4 + 3a5 + 2ccq + ot-i = u>i 
2a.i + 3a 2 + 4a 3 + 60:4 + 5a 5 + 4ag + 3aj + 2a§ 
ai + 2a 2 + 3a3 + 2a 4 = u) 4 
2a\ + a.2 — u>i 

Given a subset I C [£] we say that I is irreducible (or of type A, B, . . .) if <£>/ is. 
We make the following remark reading it out of the table. If / C [£} is irreducible 



and not of type A, then 61 



-77 for some i € [£] and 77 e A + with /nsupp(f7) = 0. 



So we can define a map / from the irreducible subsets of [£] of type not A to [£] 
mapping / to the index f(I) — i above. 

Another direct consequence of the computation of highest short roots is 

Lemma 4.3. Let I,, J a [£] not of type A. Then J C I C [£] if and only if di > 6j. 

We need also the following criterion. 

Lemma 4.4. Let (X,fj,,v) be a triple of dominant weights and suppose that there 
exists 7 = X)ie[£] °i a i with c\, . . . , ci non negative integers, such that 
i) A - 7 e A+; 

a) a + n — v > 7. 

Then (A, fi, v) is not a low triple. 

Proof. Set A' = A — 7. Then v < A' + n against the first condition in Definition 
of low triple. 



4.1 

□ 



In the sequel we will use Lemma 4.4 above in the case X^eM c i a i = @i f° r some 
irreducible subset I C [£], and in the case in which there exists / C [£} such that 
A — X^pj cti S A + . Indeed notice that in this latter case hypothesis ii) in the lemma 
is guaranteed by A + /i — v > (,> J2iei a i- 

We begin the proof of Theorem B with the following lemma limiting the possi- 
bilities for low triples. 



Lemma 4.5. Suppose that (A, fx, v) is a low triple, let (3 
have ht£(fi) < 2. 



A + n 



Then we 



Proof. First we treat the case of $ not of type F4. Suppose that htg"(/3) > 3. 
Then ht^(A) + ht^(/i) = htJ(A + n) > ht£(/3) > 3. Hence either ht^(A) > 2 or 
htj(/x) > 2. By symmetry we can suppose ht^(A) > 2. 

We have two possibilities 1) A = 2ujj + r\ for some j € [£] and r\ 6 A + or 2) 
A = uji + ujj + i] for some i, j £ Iq and 77 S A + . In the first case A — ctj G A + and 
[3 > C = SieM ai ^ a J J an< ^ ^ ms ^ s i m P 0SS ible (A, /z, i') being a low triple. 

In the second case let J C Iq be the (type A) segment connecting z and j in the 
Dynkin diagram of <I>. Then A — 9j = A — cj s ; — u>j + rf for some rf 6 A + . Hence 
A — 0j G A+ and fi>0j = J2heJ a h- This is impossible. 

Finally if <& is of type F4 we argue as above taking into account the definition of 
for such type. □ 

Given an element [3 of the root lattice R we denote by the set of I C [£] such 
that / is irreducible of type not A and [3 > 9j. We can consider such set ordered 
by the inclusion relation, notice that this is also the order on the corresponding 



ht+ 



highest short roots by Lemma 4.3. This says also that if J is an irreducible subset 
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of /, J is not of type A and I G I{(3) then J G , i.e. T{(3) is an ideal in the 
set of subsystems of type not A. Further we introduce the set T{(3) of fundamental 
weights for I G T(f3). 

We will identify an element / of T(f3) with its type if this will not raise any 
confusion. For example if (3 = 9 for type C4, thenZ(/3) = {C4 > C3 > B2}. The only 
possible ambiguity is for $ of type E that contains two different subsystems of type 
D 5 ; in this case we denote by D5 the subsystem corresponding to {1, 2, 3, 4, 5} and 
by Df the one corresponding to {2,3,4,5,6}. The next lemma proves a property 
ofX(/3). 

Lemma 4.6. Let $ be an irreducible root system not of type A or G2 and let 

(3 = J2 ie [t] b * a * with I 3 > (■ Suppose that ht+(/3) < 2 and that [I] <£ l(f3). Then 
there exists I G T([3) such that W/m G supp + (/3). 

Proof. Before we treat the various types we want to make some general remarks. 
Notice first that 61, . . . , be > 1 since (3 > £. We write also (3, as an element of the 
weight lattice, as (3 = J2ie[e] a^i- 

Suppose now we have fixed the ideal I = T((3), this result in some simple con- 
ditions on the coefficient bi,...,be, also, 1 determines the set T = F((3) (that 
sometimes we consider as a subset of [(]). Given such conditions on 61, . . . , &£, the 
thesis is equivalent to show that the system 

htJ(/3) < 2 and a 3 < for all j G T 

has no solution in (3. Moreover notice that ht^(/3) < 2 is equivalent to a j ^ 2 

for all J C [I] and to a, < 2 for all J C [t] \ T. 

Now we want deduce from the system above a new set of inequalities that will 
be useful in some case. First notice that the system aj < for all j G T is 
clearly equivalent to the condition J2j e:F Xjaj < for all (xj)j e jr £ (R+)I JF I. Let 
C = (ci,j)ije[e] De the Cartan matrix of A, where Cjj = (a^, aj), also let be the 
submatrix associated to T and let Dp = C^ 1 = (dij)ij e jr. The entries of Djr are 
non negative, hence setting Xj = X^gjf ^ijVj we have Xj > for &\li G T provided 
that yj > for all j G T . So we can write 

jeF ieF i^r hjer 

for every (yj)j<=jF G In particular, if we let j/i = <5j ; t we find 

^+E(E c ^^*)^<° (**) 

for all t E J-. We notice also that this system of inequalities is not equivalent to 
the original system aj < for all j G JF. 

In the following we fix (3 and we set X = I{f3) and T = ^(/3) and we conclude 
the proof with a case by case analysis. 

Type B^. In this case we observe that £ = 9 = ct\ + ■ ■ ■ + a?, hence there is 
nothing to prove. 

Type Q. For this type 

I={C h > Q h - X > ■■■ > C 3 > B 2 } 

for some > 3 orl = {B 2 } and we set h = 2. The hypothesis [£} ^ T imposes 
h < I. Set t = I — h + 1. We have T = ■ ■ ■ ,we-i,we}- Using Ch G X, 

Ch+i G'lwehave&t = 1, b t +i > 2. Notice that a t+ i+a t+2 -\ Van = -b t + b t+ i = 

b t +i — 1 > 1, hence one of the integers a t+ i, a t+2 , . . . , a£, say ai, must be positive. 
So bJi G FC\ supp+(/3). 
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Type De. For this type X = or 



l={D h > D fc _i > ... > D 4 } 



for some h > 4. Suppose 1^0. As in the preceding case the hypothesis [£] £ X 
gives h < I. Set t = £ — h + 1. We have T = {cot+i, ^t+2, ■ ■ ■ , oJe-2}- Using Dh e X, 
Dh+i ^ 1 we have bt = 1, &t+i > 2. Notice that a^-i + = 2(6^ + bi-i — be- 2 )- 
Suppose that this is not positive. Then at+i+a t +2 + - ■ - + ae-2 = —bt + bt+i + be-2 — 
bg-i — bg > 1 + bg-2 — bg-i —be>l, hence one of the integers at+i, a t +2, ■ ■ ■ , ae-2, 
say aj, must be positive. So u>i G T fl supp + (/3). On the other hand if ag-i + is 
positive we have ag^i +a e > 2. Now consider m + a 2 + • • • + at-i = &i + 6 t _i —b t = 
bi + bt-i — 1 > 1. Hence htg (/?) > ai + a 2 + • • • + a t _i + a^_i + > 3, and this is 
impossible since we assume htg (/?) < 2. 

Now suppose 1=0. Then 6^_ 2 = 1, hence ag-i + ag = 2{bg + 6^_i — 6^_ 2 ) > 2. 
We have also a\ + a 2 + • • • + a,£- 3 = 6i + bg- 3 — bg- 2 > 1- So htg (/?) > ai + a 2 + 
• • • + a£_ 3 + a£_i + > 3 and this is impossible. 

Type E 6 . For this type X is an ideal of the following poset 



So we have four possibilities, up to symmetries. 

Case T. 1=0. We have D4 ^ X, hence 64 = 1. So htg (/?) > ai+a 2 + a 3 +a 5 +a 6 = 
h + 2b 2 + 63 - 36 4 + b 5 + b 6 = b 1 + 2b 2 + 63 + 65 + 6 6 - 3 > 3; contrary to htj (/?) < 2. 
Case 2: X = {D 4 }. We have Df, Df £ X, hence 63 = 65 = 1, whereas D 4 e I 
implies 64 > 2. So htJ(/3) > 01 + a 2 + a 4 + a 6 = 26i + 6 2 + 64 + 26 6 - 26 3 - 26 5 = 
26i + 6 2 + 64 + 2^6 — 4 > 3. So also this case is impossible. 

Case 3: T = {Df, D 4 }, hence T = {lu 3 ,lo 4 }. We have Df ^ I, so 65 = 1. Also 
2 > htJ(/3) > ai+a2 + a 3 + a4 + a 6 = 61 + 6 2 + 26 6 - 2 > 2, hence b 1 =b 2 = b e = 1. 
We find a 3 + a 4 = -61 - 6 2 + 63 + 64 - 1 = 63 + 64 - 3 > 0. So a 3 > or a 4 > 
and this finishes the proof. 

Case 4- T = {D5, D§, D 4 }, hence T = {0)3, u) 4 , W5}. We have 63,64,65 > 2, since 
D5 , Df 1 e X, and either 64 = 2 or b 2 = 1, since E 6 ^ X. Suppose 64 = 2. We have 
2 > htd(/3) = ai + a 2 + a 3 + a 5 + a 6 = 61 + 26 2 + 63 + 65 - 6 > 2, hence b\ = b 2 = 1, 
63 = 65 = 2. We find 03 = 26 3 — 61 — 64 = 1 (and a 5 = 1 too). 

Now suppose 6 2 = 1 and 64 > 3. If &3 or a 4 or 05 is positive we have finished, so 
suppose a 3 = 2b 3 — b 4 — b 4 <0,a 4 = 2b 4 — 63 — 65 — 1 < and a$ = 26 5 — 64 — 6 6 < 
0, that is 264 < 63 + 65 + I, 26 3 < 61+64 and 26 5 < 64 + 6 6 . We have also 
2 > hto"(/3) > ai + a 3 + a 4 + 05 + ag = 61 + &6 — 1, hence 61 + b$ < 3. We get 
46 4 < 26 3 + 26 5 + 2 < 61 + 26 4 + 6 6 + 2, so 26 4 < 61 + 6 6 + 2 < 5. This gives 64 = 1 
that is impossible. 

Type E 7 . For this type X is an ideal of the following poset 



The proof for the ideals that appear also in type E 6 is systematically simpler than 
the one seen for that type; so we check only the cases of the new four ideals. 
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Case 1: X = {D 6 , , D 4 }, hence T = {^4,^5,^6}- Using D5 ^ X and D 6 £ X we 
find 63 = 1 and 64, 65, &6 > 2. Consider the inequalities 

2 > htg (/?) > a x + a 2 + a 4 + a 5 + a 6 + a 7 
2 > htg (/?) > ai + a 4 + a 5 + a 6 
2 > ht([(/3) > a x +a 5 
> a 6 

that we can write as 

4 > 26x + 62 + 67 
4 + 6 2 + b 7 > 26i + 64 + 6 6 
3 + 64 + 6 6 > 26i + 26 5 
6 5 + 6 7 > 26 6 . 

The first inequality gives 61 = 62 = 67 = 1; so substituting these in the second one 
gives 64 = &6 = 2 that in the third one gives 65 = 2. Hence the last inequality 
becomes 3 > 4. So this case is impossible. 

Case 2: X = {D 6 , D^, Dg , D4}, hence T = {^3, 074, uj 5 , ujq}. Since Dg,D 6 £ X wc 
get 63,64,65,66 > 2, whereas E 6 ^ X gives 64 = 2 or 62 = 1. Suppose first 64 = 2 
and consider the inequalities 

0>a 3 

2 > htg (0) > ai + a 2 + a 5 + a 6 + a 7 

that we can write as 

61 > 26 3 - 2 

6 > 26i - 63 + 26 2 + 65 + 67. 

Substituting the first in the second inequality we find 6 > 363 + 262 + 65 + 67 — 4 > 7. 
This is impossible. 

So we can suppose 64 > 3 and 62 = 1. Consider the inequalities 2 > htg (/?) > a\+a 7 
and the inequalities (|**| ) for 63, 64, b^; we get the system 

26i + 26 7 < 2 + 63 + 6 6 

63 < #61 + |6 7 + I 

64 < |6i + f 67 + I 
K < |6i + |6 7 +|. 

Adding up the second and the forth inequalities and substituting in the first one 
we get 26i + 267 < 3 + 61 + 6 7 i.e. 61+63 < 3. So, using the third inequality, we 
find 64 < § (61 + 67) + I — i-67 < 3 — i-67 < 3, contrary to the assumption 64 > 3. 
Case 3: X = {E 6 , D5 , D^, D4}, hence T = {uj 2 , W3, 0J4, uj 5 }. From D 6 ^ X and 
E 6 £ X we find be = 1, 6 2 ,6 3 ,6 5 > 2 and 64 > 3. Consider the inequality 2 > 
htg~(/3) > a\ + a 7 and the inequality ([**]) for 63, we get the system 

261 + 267 < 3 + 63, 

63 < 61 + |, namely 63 < 61. 

Substituting the second inequality in the first one we get 63 + 267 < 3, that is 
impossible since 63 > 2 and 67 > 1. 

Case 4: X = {D 4 , Dg , Df , E 6 , D 6 }, hence T = {u 2l lu 3 , lu 4i lu 5 , uj s }. Using D 6 , E 6 el 
we find 62, 63, 65, be > 2 and 64 > 3, whereas using E7 X we find 61 = 1 or 63 = 2 
or 64 = 3 or 65 = 2. First notice that the inequality a 2 < gives 64 > 262 > 4, 
hence 64 = 3 is not possible. 

If 63 = 2 consider the inequality 2 > Mq (/3) > a\ + a 2 + a± + 05 + 06 + 07 and the 
inequality (0) for 64, we get 

6 > 26i + 6 2 + 67 
64 < §61 + 67. 
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From the first inequality we find b\ = 1 and 67 < 2, so, substituting in the second 
inequality we find 64 < 4. Hence the system has no solution since, as proved above, 
64 > 4. 

If 63 > 3 and 61 = 1 consider the inequality 2 > htj (/3) > 02 + 03 + 04 + 05 + 06 + 07 
and the inequality (0) for 64, we get 

b 2 + 63 + b 7 < 3 + 64 

64 < I + 67, namely 64 < 1 + 67. 

Substituting the second inequality in the first one we find 5 < 62 + 63 < 4 that is 
impossible. 

If 63 > 3, 61 > 2 and 65 = 2, consider the inequality 02 < and 2 > htg (/3) > 
di + 03 + 04 + ci(j + a-; = 61 + 62 + (04 — 262) + &6 + 67 — 4 > 3, hence the system 
above has no solution. 

Type Eg . For this type X is an ideal of the following poset 

E 7 D 7 




The proof for the ideals that already appear for E7 is simpler that the one for that 
type; so we check the remaining five ideals. 

Case 1: X = {D 7 , D 6 , Df 2 , D 4 }, hence T — {^4, 0J5, w 6 , lwj}. Since D5 ^ X we 
have 63 = 1, whereas D7 E X gives 64,65,65,67 > 2. Using 2 > htg (/3) > ai + 
02 + 04 + 05 + 06 + 07 + 03 = 26i + 62 + 6s — 2 we find b\ = b% = b% = \. So 
04 + 05 + 06 + 07 = 64 + 67 — 62 — 03 — 6g = 64 + 67 — 3 > 1 , hence at least one of 
the 04,05,06,07 is positive. 

Case 2: X = {D 7 , D 6 , Df ; , Df, D 4 }, hence T = {^3,^4,^5,^6,^7}- Using D 7 ,D% 6 
X we find 63, 64, 65, 66, 67 > 2, whereas E6 X gives 64 = 2 or 62 = 1. Suppose 64 = 2. 
The inequality 2 > htg > 04+02+03+05+06+07+03 = 61+63+262+65+68—6 > 
2 imposes b\ = 62 = bg, = 1, 63 = 65 = 2. So 03 = 263 — 61 — 64 = 1. 
Now suppose 64 > 3 and 62 = 1. Using 2 > ht^~(/3) > 04+03+04+05+06+07+08 = 

64 + 63 — 1 we find 64 + bs < 3. The inequality ([mJ) for 63 reads 

5, 1, 2 5,, , 2 2, 19 2, 15 o 
63<g6 1 + -68 + -^-(6 1 + 6 8 ) + ---6 8 < Y --68< y <3 

hence 63 = 2. In the same way the inequality (0) for 65 gives 

&5<~(&i + & 8 ) + l<~<3 
hence 65 = 2. Thus 04 = 264 — 62 — 63 — 65 > 1. 

Case 3: X — {D7, D 6 , E 6 , D5, D§, D 4 }, hence T — {cj 2 , U3, 0J4,, 0J5, ujq, 0J7}. We have 
^2, 63, &5, &6, br > 2 and 64 > 3; also E7 2" implies 61 — 1 or 63 = 2 or 64 = 3 or 

65 = 2. Notice that 02 < imposes 64 > 262 > 4, so 64 = 3 is not possible. First 
suppose 63 = 2. Using 2 > htg (/?) > 04 + 02 + 04 + 05 + 06 + 07 + 08 = 26i+6 2 + 6 8 — 4 
we find 6 > 26i + 62 + 63, hence 64 = 1, 62 < 3 and 6 8 < 2. The inequality for 
65 gives 

3 7 
b 5 <^h + b 8 <- 
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so 65 < 3. Moreover 04 = 264 — 63 — b 2 — 65 < gives 62 = 3 and 64 = 4, hence 
a 2 = 2b 2 - 64 = 2 > 0. 

Now suppose 63 > 3 and 61 = 1. Consider the inequality 2 > htJ(/3) > a 2 + 03 + 
04+05+06 + 07 + 08 = 62+63+68 — 64 — 1, that is 62 + 63 + 68 < 64 + 3, and combine it 
with the inequality (Q) for 64, that is 64 < 2 + 6§; we get 62 + 63 < 5. Hence 62 = 2, 
63 = 3. Now we have 2 > htJ(/3) > 03+04 + 05+06 + 07 + 03 = 63 + 68 — 61 — 62 = 6s, 
hence 64 < 2 + b% < 4. So 64 = 4 and we finish noting that 03 = 263 — 61 — 64 = 1. 
Now suppose 63 > 3, 61 > 2 and 65 = 2. The inequality 2 > htg (/3) > ai + a 2 + 
03 + 04 + 06 + 07 + 08 = 61 + 62 + 66 + 68 — 4 > 3 shows that this case is not possible. 
Case 4: I = {E 7 , D 6 , E 6 , , Df , D 4 }, hence T = {wi, W2,W3, Vi, W5,k>6}. The 
condition E7 6l gives 61 > 2, 62 > 2, 63 > 3, 64 > 4, 65 > 3 and &6 > 2, whereas 
D7 ^ I gives 67 = 1. This case is ruled out by inequality (|*^) for 61 (for example) 
giving 61 < §. 

Case 5: X — {D 7 , E 7 , D 6 , E 6 , Dg , Df , D 4 }, hence T = {uj\, lu 2 , w 3 , w 4 , u 5 , w 6 , ^7}- 
Using the condition a^ < for all i 6 J, we can write f3 — aujg, ~ 77 for some integer 
a and some dominant weight 77 with support contained in T . Observe also that 
[3 > Q implies /3 ^ — A + , hence 2 > ht,}(/3) = o imposes a = 1 or a = 2. Now notice 
that £ = 5Zi=i a i — w i + ^2 — + W8! also, the weight lattice coincides with the 
root lattice so we can write 77 — X)i=i c i a i f° r some non negative integers ci, . . . , eg. 
Suppose a = 1 . Writing the inequality /3 > £ in terms of the simple roots we get 

8 

77 = CiOj < — lui — lu 2 + LU4 = ai + 2a 2 + 3a3 + 5«4 + 4a5 + 3a6 + 2aj + as- 

i=l 

So ci < 1, hence 7; = using the expression of the fundamental weights in terms of 
the simple roots. We find (3 — uj$ that implies Eg G X contrary to our hypothesis. 
If we suppose a = 2 we have 

8 

77 = CjOTj < — uji —072+^4 + ^8 = 3ai + 5a2 + 7a3 + Ila4 + 9a5 + 7a6 + 5a7 + 3a8 ■ 

i=l 

But the unique fundamental weight with coefficient of ol\ less or equal to 3 is ujg, 
hence 77 = since supp r\ C T . We conclude as above that Eg £ I contrary to the 
hypothesis. 

Type F4: We observe first that (3 > £ > 9b 3 — a\ +a 2 + 0:3. Hence we have only 
two possibilities: X = {B 2 , B 3 } or X = {B 2 , B 3 , C3}. In the first case T — {lui,uj 2 } 
implies a±, a 2 < and C3 ^ X implies 63 = 1; so 03 = 2 — 64 — 262 < 0. In the second 
case T — {lo\, uj 2 , lu^} hence oi, 02, 03 < 0. In both case we have (3 = atOi — rj with 
77 a dominant weight supported on {1, 2, 3}, also notice that 2 > ht^(/3) = a. Now 
using [3 > C we find 

r\ < (a - l)ai + (2a - l)a 2 + (3a - l)a 3 + (2a - l)a 4 . 

Looking at the coefficient of a\ and arguing as in the last case for type Eg, we 
deduce 77 = 0. But this is impossible since it would give (3 > 8 = 0J4. □ 



A remark on the conclusion of Lemma 4.£ . Suppose that we can apply the lemma 



on/3 = A + /i — v for some A, \i and v dominant weights. We find an irreducible 
subset / of [£] such that (3>&i and ujf(i) £ supp + (/3). So g supp(A)Usupp(/j), 
hence A — 61 e A + or /i — 8j e A + . So (A, /i, v) is not a low triple. 

We are now ready to prove the main result of this section. First, we introduce a 

bit of notation. If A covers fi and A — /i = we write A — ^-^/i (see Proposition 



4.2). A covering diagram for a weight A £ A + is the direct graph whose vertexes 



are the dominant weights 77 < A and whose arrows are the covering relations. We 
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see an example. Let $ be of type B3 and let A = 2^3, then its covering diagram is 

{i} B 2 B, 
2u>3 ^0 

since 2^3 — 0J2 = otg, 102 — oj\ = #{2.3} and Wi = 9. Observe that w e us e the 



identification of subsets of [£} with their types as explained above Lemma L6. Also 



notice that it is easy to write down the covering diagram of a given dominant weight: 



use Proposition 4.2 and the remark after the table of highest short roots. Further 



notice that, given a covering diagram 

\i — — *• ■ ■ >-\ r -\-\ 

we have Ai — A r+ i > £ if and only if \J r i=l Ii = [£]. 

Proof of Theorem B. We show first that any triple of the form (A, — u>oA, 0) with 
A minuscule is a low triple. A being minuscule also —wqX is minuscule and the 



property i) in Definition LI is obvious. We have also wo\ < A since wq\ is in the 
orbit W ■ A. Hence A — woX — (3 where j3 is some nonnegative linear combination 
of simple roots, say (3 — ~y\ nCZ * n a a. We want to show that supp$(/3) = A proving 



property ii) in Definition 4.1. Suppose that this is not the case and let 7 be a 
simple root with 7 ^ supp^(A) adjacent in the Dynkin diagram to a simple root 
7' S supp $ (/3). Then in X)qgA n a a the fundamental weight lo 1 dual to j v appears 
with a negative coefficient; this is not possible. 

Now we see the other implication. Suppose (A, /x, z/) is a low triple and let 
(3 = A + fi — v. We want to show that A, are minuscule, dual to each other and 
that v = 0. 

We prove first that A and /i are minuscule if $ is not of type G2. Observe that, 
by Lemma 4.5, /ii[j~(/3) < 2. Observe also that (3 > 9: indeed, if $ is of type A, 



this is clear by (3 > ( — 6 and, if $ is not of type A, it follows by the remark after 



the proof of Lemma 4.6. Assume now that A is not minuscule. Then there exists / 



such that A — 9j S A + and also (3 > 9 > 8j, so by Lemma 4.4 (A, /1, v) is not a low 
a triple. Similarly we prove that /i must be minuscule. 

We perform now a case by case analysis assuming A and fi minuscule. 

Type Af. In this case A and /i are fundamental weights, say A = uji, /1 = Uj for 
some i,j G [£]. Since A + fi — v > £ the covering diagram of A + fi must be of the 
following form 

A(i,j) A(i-lj+l) A(2,£-l) A(M) 

uji + ujj ^u>i-i + uij+i s- • + oJi ^0 

where A(h, k) = {h, h + 1, . . . , k} and v — 0. So i + j = £ + 1 proving our claim. 

Type B(. In this case we have A = (i = uj£ that is the unique minuscule weights. 
We have the following covering diagram 

W B 2 B 3 Bj_! B t - 
2oj£ *-0Jl-2 • • *-0J\ ^0- 

Since A + /1 — v > ( we have v = 0. 

Type Q. In this case we have that A = fJ, = UJ\. Thus the covering diagram 

zwi *-W2 ^U. 

Since A + /i — v > C we have v = 0. This proves our claim. 

Type Df. The possibilities, up to symmetry of the Dynkin diagram, are: 1) 
A = jj, = u>i, 2) A = u>i, n = u>e, 3) A = /1 = u>i and 4) A = fi — u>£. In each 

case we use A + ^i — v > £ to show v = and A and ft dual to each other. 
Case 1 : we have 

{1} D e 
2u>i ^^2 *-0. 
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So the unique low triple for this case is (a;i,o;i,0). 
Case 2: we have 

i e 
LUl + LU( 

where kf = {1, 2, ...,£ — 2, £}. This shows that there is no low triple in this case. 
Case 3: suppose i odd, we have 

A? D 5 D 7 Ot-2 D t n 

Lue-i +Ui *-c^_ 3 *-u>i-5 s ^uj 2 ^0 

where = {£—1,1 — 2, £}. So the unique low triple is (u)t—i,u)t, 0). Now suppose 
£ even, we have 

D 5 D 7 Df_ 3 Di-i 
tdt—1 + tjJl *-U>e-3 *"i^t-5 *" ' ' *"<^3 9-CJi. 

Hence there is no low triple. 
Case 4 '■ suppose I odd, we have 

{£} D 4 D 6 Dl-3 Ol-l 
2lU( ^UJ£-2 3- • • 9-cJ 3 S-Wl. 

Hence there is no low triple. Now suppose I even, we have 

W D 4 D 6 D t _ 2 Dt . 
AWt *-UJt-2 *-Ul-4 >■ ■ *-W 2 9-U. 

So (u>(, cj£, 0) is the unique low triple. 

Type E. As above we have that A and /i are minuscule weights. So we have the 
following cases up to symmetries: 1) $ of type E 6 and A = fj, = u>i, 2) $ of type 
Eg and A = u>x, fj, = u>e and 3) $ of type E7 and A = ji = uij. In each case we use 
A + /i — v > C to show that ^ = and A and /x are dual to each other. 
Case 1: we have 

{1} of 
2wi »- 9-W6 

and so there is no low triple in this case. 
Case 2: we have 

a 5 E 6 
u>i + uJe *-<^s ^0 

where A5 = {1, 3, 4, 5, 6}. This says that the unique low triple is (uji, ujq, 0). 
Case 3: we have 

ZOJt 9-<x> 6 9-0. 

So the unique low triple is (lj?, lot, 0). 

Tj/pe F4. In this case there are not minuscule weights, hence there is nothing to 
prove. 

Type Qs2- We apply Lemma 4.4 with 7 = Q = a\ + oti = —lo\ + a->2 & n d 7 = ai 
to obtain A = [i = u>i . So we have the following covering diagram 

{!} C G 2 
2u>\ 9-W2 9-0. 

Since v < A + fi — £ we find v = u)\ or v = 0. In both cases if A' = we have 
v < A' + /.i and A' < A against the first condition for a low triple. □ 
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4.2. Non reduced root system. 

We still need to treat the case of the irreducible non reduced root system of type 
BQ. We begin with a word of explanation about this type. We think of 4> as the 
union of Bg, with square root lengths 1,2, and Q with square root lengths 2,4. 
The base A = {a±, . . . , ai} for $ is the same of Bi with indexing from [jjj; also ag 
is the unique simple root such that 2ai 6 $. One can define the set A of integral 
weights A requiring that (A,a v ) 6 Z for all a £ As one can easily see, a weight 
A is integral if and only if (A, aY) 6 Z for i = 1, . . . ,£ — 1 and (A, (2o^) v ) 6 Z. So 
the fundamental weights wi,. .. , u;^ are those of Q. Further we order A as usual 
defining fi < A if and only if A — /i G i? + . So the same definition of low triples seen 
for reduced root system applies also to this situation. 

We begin noticing that for this type there is no minuscule weight, i.e. the weight 
lattice coincides with the root lattice. In the following proposition we see that 
Theorem B is still valid also for non reduced root systems. 

Proposition 4.7. // $ is an irreducible non reduced root system then there is no 
low triple. 



Proof. Suppose that (A, \i, v) is a low triple. Lemma [LJ holds also for type BC. 
Then by the expression Yli=h a i = — ^h-i + u hi we have that h supp A U supp fi, 
finishing the proof. □ 

4.3. Enlarged weight lattice. 

In order to treat the case of exceptional complete symmetric variety we need a 
slight generalization of Theorem B in case of <& of type BQ. 

Let us realize such type in an euclidean space E and consider E ~ E x 
E X R. Let Ui,... ) u>t £ E x be the fundamental weights of $ and take two 
linear independent vectors M,ti£iixl\£xO such that u + v = uj£. Consider 
the following cones A + = (uji, . . . , uj{)n, P + = {uj\, . . . , u>e-i, u, v)n and the related 
lattices A = Aj and P = P% . We can order P declaring n < A if and only if 
A — /i € R + , where R + C E x is the cone generated by the simple roots. We 



define low triples for weights in P + using the same definition as in 4.1 



Lemma 4.8. Let v e P + and A = A' + au e P + for some A' £ A+ and a E N. 
Then v < A if and only if v = v' + au for some A + 3 v' < A'. The same holds for 
A = A' + av. 

Proof. This is clear from the definition of the order since R C A. □ 

We want to show that 

Proposition 4.9. Let A, /i, v be three weights in P + . //(A, /!, v) is a low triple then, 
up to symmetry, A = au, fi — bv with a, b > 1. If a > b then v = v 1 + (a — b)to a 
with A + 3 v' < 6a->^. Moreover if X = u, /i = v £/ien f = 0. 

Proof. Notice that X^=h a i = ~ + ^ f° r h = 1, • • - as already seen for 
type BQ. This shows that A = aiu + a2«, = 6iu + b2V. Also aia2 = 0, since 
otherwise A = uj? + A' for some A' 6 P + and this is not possible. This shows 



that A,/i S Nu U Nu. Further if A = au, // = bu then, using Lemma 4.8 above, 
A+/i = (a+b)u is a minimal element in P + ; this is not possible since P + 3 v < A+/i. 
So we must have A = au, /i = bv up to symmetry 

Now suppose that a > b. Then A + /i = au + bv = btui + (b — a)u and the stated 
form of v follows by Lemma [O] above. Finally notice that (u, v, v) is a low triple 
in P + if and only if (2oj£, 2ui£, v) is a low triple for type Bi, as follows directly since 
we are using the simple roots of B^ and 2u>e is the fundamental weight dual to . 
So v = by Theorem B. □ 
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